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1. Balanced Incomplete Block (b.i.b.) designs with v = s^,k=s'"

r = k =

and

j — 1 j — 1

can always be constructed by taking {N —m)-flats as blocks and points
as varieties from the . spaces EG (N, p" = s) and PG {N,p"= s) res
pectively when

, - 1) .... 1)
_ 1) __ _ 1)

(Bose, 1939). While introducing Partially Balanced Incomplete Block
(p.b.i.b.) designs Bose and Nair (1939) have pointed out that in certain
cases p.b.i.b. designs can be formed by cutting out one point and all
{N —m)-flats passing through this point from the space EG (N, p"= s)
or PG{N,p''=s), and then taking the retained (iV—«j)-flats as our
blocks and the retained points as our varieties. Thus from the geo
metrical b.i.b. designs with A = 1; /c = + j + 1, or and A= j + 1
p.b.i.b. designs can always be obtained by cutting out a variety and
all the blocks containing the variety. It has also been shown by them
that p.b.i.b. designs can be formed by cutting out

(a) all the points lying on a line, and all planes passing through
this line of PG (3, p"), and then identifying our varieties,
with the retained points and the blocks with the retained
planes (p. 361);

(b) all points lying on a line, and all lines passing through points
of this line of PG (3, p"), and then identifying the varieties
with points and blocks with lines (p. 362); and

(c) all points on three non-concurrent lines, and aU lines through
the points of intersection of these lines of PG (2, p") two
by two, and then identifying the blocks with retained straight
lines ,and the varieties with the retained points (p. 363).

Recently Shrikhande (1952 a) has mentioned that p.b.i.b. designs
can be obtained by cutting out a particular variety and, all the blocks
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containing that variety from the symmetrical b.i.b. designs with k = 4,
5, 6, 8, 9, 10 and A= 1. It has also been observed by him that
p.b.i.b. designs can be obtained by cutting out a variety and all the
blocks containing that variety from the b.i.b. designs wdth

V= Z) = (/c2 - A: + 2)/2, r = k,X = 2

The object of the present paper is to study general relation between
b.i.b. and p.b.i.b. designs. It will be shown that in certain cases there
exist one-to-one correspondence between b.i.b. and p.b.i.b. designs,
and one design can easily be constructed from the other.

2. Lemma L—Suppose we have a design with v.r. units ofv varieties,
2 ^

each variety being replicated r times in b = 2/ bt blocks, each of the
L=1

bi. blocks being of size Rl (L = 1, 2), such that every pair of varieties
occurs exactly A times. If now b^ blocks constitute a p.b.i.b. design
with parameters

V= v, b' = bi, /•' = r^, k' = k^, ") ^2. i)
rii, K P^i', i, j, f = 1, 2, ... .,m i

then the remaining b^ blocks of the original design will always be a p.b.i.b.
design with parameters

V* = V, 6* = b^, r* = r —r^, k* = k^ -j
= Km-i+l) — A — A„_i+1, > (2.2)

i'V* m-i'+i, i, j,f = 1, 2, ....,m J

The proof directly follows from the fact that the two parts of the
original design together must be a design in which every pair of varieties
should occur A times and therefore any variety Q which occurs Aj
times with a selected variety ^ in one part must occur A — A. times
in the other part. Similar argument holds for p'j/s.

Here it may be mentioned that in some cases when some A^ is
zero one of the two parts (2.1) and (2.2) may be disconnected but both
the parts can never be so simultaneously. This is of practical importance
as the necessary and sufficient condition for every treatment contrast
to be estimable is that the design should be connected (Bose, 1947).

Corollary.—Corresponding to every p.b.i.b. design with parameters
v, b, r, k, n^, A^, pV.', i, j, j' = 1, 2, ...., m and in which there is
no two identical blocks, there is another p.b.i.b. design with parameters.
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V* =v, b* = "Cs - b, /•* = Cs-i - r, k* = k

n,* = A,* =

j, f = \, 2, , m.

In connection with the Lemmail it is interesting to note the follow
ing Lemma, the proof of which is obvious.

Lemma II.—Suppose we have a b.i.b. design with v, b, r, Ic, A
and a p.b.i.b. design with v, b', r', k, n^, A^, py, i, j, j' = 1, 2, ..., m,
then by taking the two designs together we can always derive a p.b.i.b.
design with v* = v, b* = b + h', r* = r + r', k, n^, Xi* = A+
pV*=pV= i j> j' = 1, 2, ...,m.

Corollary.—Corresponding to every b.i.b. design with v = nk^
b = nr, r, k, A there is a p.b.i.b. design with v* = nk, b* = nr
+ nt, r* = r + t, k* = k, n^ = k - 1, na = v - k, A^ = A+ t,
A2 = A,

0 /c-1k

0

2 0

v-k

P\ =

/c-1 v-2k

which can be obtained simply by adding to the b.i.b. design, t times the
set ofn blocks obtained by writing down the v = nk varieties in n parts
with k varieties each.

Lemma II is of less practical importance as the number of replica
tions in the new p.b.i.b. design has unnecessarily Iseen increased.

3. Theorem I.—If from a b.i.b. design with v, b, r, k, A= 1
(k > 2) all the blocks containing a particular variety are omitted, then
the truncated design will always be a p.b.i.b. design with parameters

v' = V— I, b' = b — r, r' = r — I, k' = k,

= V— k, n^ = k — 2, A^ = 1, Ag = 0,

p'if = V - 2fc + 1 k-2 v-k 0

k-2 0 5 0 k-3 ! (3.1)

Conversely if a p.b.i.b. design with parameters (3.1) exists, then a b.i.b.
design with parameters v = v' 1, b = b' + r'-|- 1, i = x' + I,
k = k', A= 1 can always be constructed.

Proof.—Consider the r blocks in which a particular variety Q,
say occurs. As A= 1, any other variety occurs only once in the set
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of these r blocks. If we now delete the variety Q, then these r blocks
will constitute a disconnected p.b.i.b. design with parameters

v" = V- 1, b" = r, r" = l,k" = k- 1,

= /c — 2, «2 = V— Ai = 1, Ag = 0,

/c-3 0 /'V= 0 k-2 1

1

O

9

+

CN
1

1

a;
whereas the b.i.b. design will turn into a design with v* = v — 1,
b* = b' b", r* = )•' + r", in which b' blocks are of size k and b"
blocks are of size k — I, but every variety pair occurs once. There
fore by Lemma I the proof of the first part of the theorem follows.

To prove the converse let us suppose that a p.b.i.b. design with
parameters (3.1) is known. Now from r' (k' —1) = njA, +
we have (r — 1) (/c — 1) = v —^ or r (A: — 1) = v — 1 = v'. This
shows that v' is a multiple of ^ —1. In fact (/•' + 1) (k— 1) = v'.
Now as the design (3.1) is a GD design (Bose and Connor, 1952), the
v' varieties can be divided into r' + 1 groups, •each group containing
k — 1 varieties such that any two varieties of a group are sebond asso
ciates whereas any two varieties belonging to two different groups are
first associates. Let us form /•' + 1 blocks of size k —1 taking k ~ I
varieties of a group in a block. Adding a new variety Q to each of
these {r' + 1) blocks and keeping the other blocks of (3.1) unchanged
we get a b.i.b. design with parameters

y = V + b = b' + r' + r = r' + 1, k = k'., A=l.

When /c = 2 the design (3.1) reduces to the b.i.b. design V = v—I,
b' = b —r, r' = r —1, /c' = 2, A= 1. In fact by omitting all the
blocks containing a particular variety, from a b.i.b. design with v,
b = "Cjc, r = A = (in which all the combinations
of the varieties have completely been written down) we shall always
get a b.i.b. design with

V* = V- 1, fi* = "-1 Ci, r* = "-2 Cs-i, A* =

Corollary 1.1.—The p.b.i.b. design with parameters

V= b = 35, r == k = 6, = 30, nr, = 4, Aj = 1, A, = 0

=
25 4 P'ji' = 30 0

4 0 9 0 3
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cannot exist as the b.i.b. design with v = 36, b = 42, r = 7, k = 6,-
A = 1 does not.

Corollary 2,1.—The p.b.i.b. design with parameters

V= 14, 6 = 28, r = 6, k=,2>, = 12, n^ = 1, Aj .= 1, A2=0

=
10 1 12 0

1 0 0 0

has 69 sets of independent solutions which can be obtained from the 69
independent solutions of the b.i.b. design v = 15, b = 35, r = 7, k = 3,
A = 1 worked out by Fisher (1940).

In connection with the above theorem it is worth noting that if from
a non-geometrical solution of a b.i.b. design with v = s\ k = s^,
A = J + 1 or with v = s^+ j + l,k = j2-^j+1,A = j + 1
all the blocks containing a particular variety are omitted we may
not get a p.b.i.b. design as can be seen by omitting all the blocks
containing the variety ' 1 ' from the solution of the b.i.b. design
V= ft = 15, r = /c = 7, A= 3, worked out by Nandi (1946 b). Simi
larly it can be shown that property analogous to {a) stated in the
introduction does not exist in case of non-geometrical solutions.

4. Shrikhande's observation that p.b.i.b. designs can be obtained
by omitting a particular variety andallthe blocks containing that variety
from the b.i.b. design with v = b = (k^ — k + 2)12, r = k, A = 2
follows from the following considerations and Lemma 1.

Utilizing the weil-known property that any two blocks of a sym
metrical b.i.b. design have just Atreatments in common it can be shown
that by omitting a particular variety from the r blocks in which it
occurs and all the b-r blocks in which it does not occur we are al
ways left with a p.b.i.b. design belonging to the series II of Bose (1951)
with parameters

V* = A: (/c - l)/2, b* = k, r* = 2, k* = k - I, «i = 2 ik-2),

n^ = {k-2)ik- 3)/2, A^ = 1, = 0,

Pii k-2 k-3

k-3 {k-3) (/<-4)/2

>2.- =-•Pit 4. 2(k-4)

2(^- 4) (k-4) (k-5)/2

Nov.' it is interesting to examine whether p.b.i.b. designs can be
obtained by omitting a variety andall the blocks containing that variety
from the b.i.b. designs with
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K* =#-1) ik-2)l2, k(k- l)/2, r* = Jc,:kf=Jc-2,[.,

•-••• X =2. • (4.1)

The structure of (4.1) has been studied by Nandi (1946 a) ajjd it ha^
been shown by him that-no two blocks can have more tjian,two varieties
in common. ' From this it is seen'that if we consider, the set, of ,
blocks obtained by omitting a particular variety and all the blocliis .'iipt
containing the variety we must have an arrangement with v' =
(/c — 1) {k —2)12 — 1, b' = k, = 2, /c' = k - 3 in which no pair
of varieties occurs more than once. Let us examine whether this can

be a p.b.i.b. design with Aj = 1, = 0. Bose (1951) has shown that
for a p.b.i.b. design with two rephcations and; = 1, Ag = 0, k' > r'
— 2, we must have V = b'^/4 or b' {b' — 1)12. From this and Lemma I
it follows that, if /c > 6, by omitting any variety and all the blocks con
taining that variety from a design (4.1). we can never get a p.b.i.b. design
with two associate classes. Even when k = 6, in general this metho.d
of omission does not give a. p.b.i.b. design as can be seen by omitjing
the variety ' 1 ' and all the blocks containing tjiat variety frpm. the
solution [ag] of v' = 10, b' = 15, r' = 6, k' = 4,; A = 2f;W0jked out
by Nandi (1946 a); but omitting the variety ' 10,' and all.ithe bl)3jcks
containing ' 10 ' from any of the solutions [ag], we^get ;,a
p.b.i.b. design with parameters

V = b = 9, r = k = 4,

Jii = Mg = 4, Aj = 2, Aj — 1,'

II !•2 /'V=2
•

2
.

2,

By omitting a particular variety and "all the blocks, contfeihg'
that variety from the b.i.b. design ,v = (),-b — 10/ r 5,,/c = 3, A= 2
we get the p.b.i.b. design v —b •= 5, r = k = 3, /Zj = =;,2;^, . •

Ai = 2, A2 = 1, 'P^jj' , !0 1 •-.1 .:l j

;i 1. • 9' ' ' •' 1 0 : ^

Here it is interesting to note that by omitting; a particular variety and
all the blocks not containing that, variety ifrom the b.i.b. design
V= 6, 6 = 10, /• = 5, i = 3, A== 2 v/e get the p.b.i.b. design
V= &= 5, r = /c = 2, Hi = ;72 = 2, Ai = 1, Aa = 0,

II 0.1 /;V
'= •:4.1•
'

1.
1

5l
.

O•.
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which does not belong to any of the series I, II and III to which all the
p.b.i.b. designs with two associate classes and k > r = 1 belong
(Bose, 1951). The solution for the last mentioned design is (1, 2),
(1, 3), (2, 4), (3, 5), (4, 5). It can be shown that there is only one
more p.b.i.b. design with two associate classes involving two replica
tions, and for which k = 2. This belongs to the series I of Bose (1951)
and has parameters

v = 6 = 4, r = k = 2,

Wi = 2, W2 ~ ~ I3 ^2 — 0

II01II 2 0

10 400

5. An incomplete block design with v.r. units of v varieties there
being /* units of each variety, arranged into b blocks of size k each is
said to be resolvable when the b blocks can be divided into r sets,
each set of blocks containing a complete replication of all varieties;
Such a design is called affine resolvable when each block of a set has
equ^ number of varieties in common v/ith each of the blocks not in
the set.

Lemma III.—Any affine resolvable incomplete block arrangement
with

V= n^m, b = 2n, r = 2, k = nm {n, m > \)

is a p.b.i.b. design with parameters

V= n^m, b = 2n, r = 2, k = nm.

Hi, = m —I, ni = 2m{n —1), n^ = m{n —\y,
Aj =2, A2 = 1, A3 = 0,

P\i' = m-2 0 0

0 2m{n-l) 0

0 0 min-iy

P\' =

Pii' =

(5.1)

0 m—l 0

m—1 w (m—2) m (n—\)

0 m(«—1) m («—!)(«—2)

0 0 m-l

0 2m 2m in—2)

m—l 2m'(n—2) m («—2)^

The designs (5.2) have been constructed by Nair (1950) in affine resolv
able form. The Lemma III states that any affine resolvable arrange
ment with parameters (5.1) cannot be other than a p.b.i.b. design with

(5.2)

I
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parameters (5.2), the formal proof of which follows from the following
considerations:—

Any two blocks of an affine resolvable arrangement have exactly
m varieties in common unless they belong to the same replication when
they have none in common. This shows that nm varieties occurring
in a block of any replication can be divided into n groups of m varieties
each, such that in the other replication the m varieties of a group occur
together in a block but any two varieties belonging to two different
groups do not.

Corollary.—Corresponding to every b.i.b. design with v = n^m,
Z? = nr, r, k = nm, A there is a p.b.i.b. design with

V* = nhn, b* = nr + 2nt, r* = r + 2t, k* = nm,

ni = m — 1, n2 = 2m (n — 1), n^ = m{n ~ 1)^

= A-|- 2t, A2 = A-f- ^5 A3 = A.

P W = m-2 0 0

0 2m (n-1) 0

0 0 m{n-lY

0P^ii' =

0

m-l

Pit 0 m—\

m—1 m(n—2) m(n~l)

0 m(n—l)m(n—l)(/j—2)

0 m~l

2 m 2m (n—2)

2m {n—2) m(n—2y

0

which can be obtained by adding to the b.i.b. design, t times the two sets
of n blocks formed in the following manner.

Distribute the n^m varieties of the design in the n^ cells of a nxn
square so that every cell gets m varieties. Taking the rows and the
columns of this square as blocks we get the two sets of n blocks which
is nothing but the p.b.i.b. design (5.2).

In connection with Lemma III it is interesting to note that any
affine resolvable incomplete block arrangement with v = n^m, b = 3n,
r = k = nm may not be a p.b.i.b. design, as can be seen from the
following example

(1, 2, 3, 4, 5, 6), (7, 8, 9, 10, 11, 12),

(1, 2, 3, 7. 8, 9), (4, 5, 6, 10, 11, 12),

(1, 2, 4, 8, 10, 12), (3, 5, 6, 7, 9, 11). .
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This is an -^afEne resolvable arrangement with v = 12,, = 6, r = 3,
k = 6, but is not a p.b.i.b. design.

, , Theorem l.—Tf a solution of a b.i.b. design with parameters (M):
V —nk, b = nr, r, k, A expts and the solution is such that it contains a
set of n blocks with a complete replication of all varieties, then by omitting
the set of .n blocks we shall always get a p.b.i.b. design with parameters

v' = nk, b' = n {r — I), r' = r — I, k' = k,

= (n - 1) A:, = A: - 1, Ai = A, Aa = A- 1,(5.3)

(n—l)k 0

0 k-2

7'V= {n--2)k k-l
k-1 0-

oV =

Conversely, if a design with parameters (5.3) exists, then a
solution for the, b.i.b. .design (M) can always be constructed.

Proof.—A set of « blocks containing, a complete replication of
all the V= ' varieties is obviously a disconnected p.b.i.b. design
with parameters

v" = nk, b" = n, r" = \, k" = k
\ " • •

— = A: — 1, Ha = V — A:, A, = 1, Ag = 0,

p\i' = A:-2 0 jO A:-1

0 in-l)k ) k-l {n-2)k

Therefore, by Lemma I, the proof of the first part of the theorem follows.

To prove the converse, let us suppose that the p.b.i.b. design with
pa:rameters (5.3) is known. Now, as the design (5.3) is a GD design
(Bose and Connor, 1952), we can divide the v varieties into n groups
of k varieties, each in such a way that all the varieties of a group are
mutually second, associates whereas any two varieties belonging to
two different groups are first associates. Obviously, therefore, by
taking k varieties of a group in a block, we can form a set of n blocks
with a complete replication of all varieties, which when taken together
with the blocks of the solution of (5.3) will give a b.i.b. design (M).

Corollary I.—A p.b.i.b. design with parameters

V= nk, b = n^X, r = «A, A: = (n — 1) A+ 1,

= (n — 1) k, Ma = A: — 1, Aj = A, Ag = A — 1,

=
(n-2)A: k-l

k-l 0

P^i' = (n-l)k 0

0 k-1
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cannotexist unless Ais of theform nt + 1, aj it has been shown elsewhere
by the author (Roy, 1952) that the b.i.b. design (R): v==nk,
b = n (nA + 1), r = nA + 1, k = (n — 1) A+ 1, A cannot have a
single set of n blocks providing a complete replication of all varieties
unless A is of the form nt -j- 1.

Corollary 2.—The p.b.i.b. design with parameters

V= %, b = \2, r = (), k = A,

= 4, «2 = 3, Aj = 2, Aa = 1,

P'ii' = 0 3 P^i' = 4 0

3 0 5
0 2

has exactly three independent solutions as Nandi (1946 b) has shown
that the b.i.b. design v = 8, b = 14, r = 7, k = 4, A= 3 has just
three independent solutions {namely [a^], and [y]) with one or more
replications of all varieties.

Theorem 3.—Jf a solution of a b.i.b. design with parameters

V= n^m, b = nr, r, k — nm, X(m^ I) (5.4)

contains two sets of n blocks each, each set providing a complete replica
tion of all varieties in such a way that each blockof a set has equal number
of varieties in common with every block of the other set, then by omitting
the two sets of blocks we shall always get a p.b.i.b. design with para
meters

v' = n^m, b' = n{r — 2), r' = r — 1, k' = nm

ni= m(n — 1)^, n^ = 2m (n — I), = ni — 1,

Aj^ = A, Ag = A — 1, A3 = A — 2

(5.5)

pV= m{n-2Y 2m{n-2) m-l

2m(n—2) 2m 0

0 0

f'V=

m-l

P\' = m («-l)2 0

0 2m (w—1)

0 0

m{n—\){n—2)m{n—\) 0

m{n—\) m{n—2) m—l

0 m-l 0

0

0

m-2

The. proof of the theorem follows from the Lemmas III andjli..
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